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ABSTRACT  Theoretically iterative formulas can be used to find the run length distribution of the two-
sided CUSUM scheme. But in practice, we face the problem of requiring long computing time to get the run
length distribution using the iterative formulas. An alternative way of finding the run length distribution is by
means of simulation. As the simulated run length distribution exhibits random fluctuation when compared
with the actual distribution, we can improve the simulated distribution by fitting it with a smooth curve. It is
found that the curve given by the right tail of the translated gamma distribution gives a good fit to the
simulated results. The methods based on moments and least squares are used to estimate the parameters of the
translated gamma distribution. Numerical examples in the case when the observations have an exponential or
normal distribution are presented.

ABSTRAK Dari segi teori, ramus lelaran boleh digunakan untuk mencari taburan larian panjang bagi
carta kawalan hasiltambah longgokan (carta ‘CUSUM’). Tetapi pada praktisnya, kita menghadapi masalah
yang didatangkan oleh masa yang panjang untuk mendapatkan taburan larian panjang dengan menggunakan
rumus lelaran. Satu cara alternatif yang boleh digunakan untuk mencari taburan larian panjang ialah melalui
simulasi. Oleh kerana taburan larian panjang yang berdasarkan simulasi berbeza secara rawak dari hasil
benar, kita memperbaiki taburan yang berdasarkan simulasi dengan menyuaikan taburan dengan suatu
lengkung licin. Didapati bahawa lengkung yang diberikan oleh sisi kanan taburan gama yang telah
ditranslasikan memberi suaian yang baik bagi hasil simulasi. Kaedah yang berdasarkan momen dan kuasa dua
terkecil digunakan untuk menganggar parameter dalam taburan gama yang telah ditranslasikan. Contoh
berangka dalam kes bila cerapan mempunyai taburan eksponen atau normal dilaporkan.

(Two-sided CUSUM scheme,run length distribution,translated gamma distribution)

INTRODUCTION small shifts in the process mean. Thus, CUSUM

procedures are widely used to monitor the quality

In the Shewhart control charts, such as the X -chart of products from manufacturing processes. There
and R -chart, a plotted point represents information are two main types of CUSUM procedures, namely
corresponding to that observation only. It does not the one-sided and two-sided CUSUM procedures.
use information from previous observations. On the The run length of the CUSUM procedure is the
other hand a cumulative sum chart, usually called a time elapsed before the process is declared to be
CUSUM chart, uses information from all of the out of control. The run length distribution and its
prior samples by displaying the cumulative sum of parameters measure the performance of a CUSUM
the deviation of the sample values from a specified procedure. The average run length (ARL) is often
target value. As the CUSUM chart uses information used as the major criterion for selecting a suitable
from previous samples, it is more effective than the CUSUM procedure. Much have been written on the
Shewhart control charts in detecting relatively evaluation of the run length distribution and the
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ARL of the one-sided CUSUM scheme (see for
example, Page [1], Ewan and Kemp [2], Goel and
Wau [3], Brook and Evans [4], Zacks [5], Reynolds
[6], Khan [7], Woodall [8], Lucas and Crosier [9],
Fellner [10], Vardeman and Ray [11], Gan [12],
Bourke [13], Reynold and Stoumbos [14], Chang
and Gan [15], Bowker and Lieberman [16],
Hakwins [17]). Theoretically the iterative formulas
in Waldmann [18] and Tan and Pooi [19] can be
used to find the run length distribution of two-sided
CUSUM. But the time required for the computation
is usually very long.

An alternative method is to use simulation to
estimate the run length distribution of the two-sided
CUSUM and then fit the simulated distribution
using a smooth curve. In this paper, we propose
using the right tail of the translated gamma
distribution to fit the simulated distribution. The
methods based on moments and least squares can
be used to estimate the parameters of the translated
gamma distribution.

We demonstrate that when the observations have an
exponential or normal distribution, the right tail of
the translated gamma distribution gives a good fit
to the simulated run length distribution of the two-
sided CUSUM.

Using Translated Gamma Distribution to Fit the
Simulated Run Length Distribution.

Let x be a random variable which has the gamma
distribution with parameters o>0 and g>0
(i.e.x ~ gamma(a, B))- The mean, variance and

third moment of x are given respectively by

)= &, Vat=—7 E[ aja ’
= —> s X - — =
B s B g’
and the probability density function (p.d.f.) of x is
—'Bix""’e'ﬂ" 0<x<o0
Ha)
S, B)=
0 otherwise
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Now let y = x+x, where x, is a constant. Then ),

is said to have a translated gamma distribution. The
mean, variance and third moment of y are given

bY E(y) = x, + £ Ve =2,
(¥) =%, + 5 ar(y) Vg

3
E(y_(xo +%)) _ ;_0: and the p.d.f. of y is

H%(V—%Weﬁ’”‘” %Sy<eo
L aBx)=

0 otherwise

From the simulated run length distribution
(13“ 172, B, ), we can find the corresponding mean

mys variance m, and third moment m,. We then

equate these moments to those of the normalized
version of the distribution given by the right tail
(starting from time ¢ =0.5) of the translated gamma
distribution. In this way we can obtain the
following three equations

']. _)_)ly(y—’joO)dy = ml (1)
=05

[ G-my LD, @
y=0.5 4

T (y-my L3l &
y=0.5 4
where A = Ify(y;a,ﬂ,xo)dy

=0.5

y

Let &, g and 3, be respectively the values of «,
p and x, which satisfactory (1), (2) and (3). The

simulated run length distribution is then fitted with
1 .

7fy(y;asﬂsxo)

where A= [1,00:8.F.%)d.
0
The method given by equations (1), (2) and (3) may

be illustrated by the following examples. Consider
the case when the quality characteristic x ~ exp(f8')>
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that is x is exponentially distributed with mean .
When the target value of g* is g, the cumulative

sums are given by
S[:iyi, t=0,1,2,...
i=0

where , _ (.= 8u) and %, is the i-th observed
i ﬂo

value of x.

When g* =g, we can express y, as y, =v, -1
where v, = x,/8, ~ exp(l) - But, if the process mean
is shifted from the target value of g, to gg,, then
y=v, -1 where y, ~ exp(f) and the probability
density function (pdf) of y, is given by

1
- —(yi+1)
—l—e # y, z-1

f(y)=
0 y, < -1

Let s+~ maximum {0, SE +y, - k} and g =
minimum {o, 5, + y, + k} wheregs; =§;=0- An
out of control signal is detected at f by the
CUSUM chart if and only if s+ >4 OF

S, <-h-

Suppose we use the CUSUM scheme with
k=0.8386and r=12437 to detect a shift given
byg=10. The run length distribution is first

obtained by means of simulation which uses
N, = 60000 values of the observation

vector(y,, y,,... ) The values of the moments based
on the simulated distribution arem =2.0058E +01,
m, =78194E+02 a0dpm, 456205 +04- With these
values ofm, m, andm,, equations (1), (2) and (3)
then produce the values 7 =1.1656, 5 =0.0570
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and 3 =-82329- The normalized version of the

translated gamma distribution and the simulated
distribution are shown in Figure 1.

The figure shows that the simulated distribution
exhibits random fluctuation and the p.d.f. based on
@, %, can fit the simulated distribution well.

Figure 2 gives the results when we use the CUSUM
scheme with k=10034 and h=11149 for
exponential distribution withg=15. We observe

that the right tail of the translated gamma
distribution again fit the simulated distribution
well.

Next consider the case when the quality
characteristic is a random variablex ~ N(u,6?);
that is x is normally distributed with mean and
variance o2 . When the target value of 4 is 4, and

the standard deviation is known to be o, the
cumulative sums are given by

h X, -
where y.—(x #o)

If y=p, then y, ~ N(0,1). Butif 4 is shifted from
the target value ,, by an amount Ac/Jn> then
y, ~N(A, 1) and the probability density function of
y, is given by

1 -30m8)

f(y,-)=ﬁ”—e

Figure 3 gives the results when we use the CUSUM
for the normal distribution with = 4.4633, h=0.5494
and A=375. The figure again shows that the fit
given by the right tail of the translated gamma
distribution is satisfactory

—0<y, <®©

Bl e}
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Figure 1. Probability of getting out of control signal at time s for the exponential distribution
(k=0.8386, 4= 12437 and #=1.00; & =1.1656 , § = 0.0570,%, = —8.2329 )
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Figure 2, Probability of getting out of control signal at time s for the exponential distribution
(k=1.0034, = 1.1149 and #=1.50; & =0.9869, f = 0.1404, %, =0.6000
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Figure 3. Probability of getting out of control signal at time s for the normal distribution

(k=4.4633, h=0.5494 and A 3.75; @ =1.0141,5 = 0.1204,%, =0.5419

Fitting the Right Tail of the Simulated Run
Length Distribution

In the case when the simulated run length
distribution has a mode, the left tail of the
simulated run length distribution is usually quite
close to the actual results but the right tail exhibits
random fluctuation. We may try to improve the
results for the right tail by fitting it with the right
tail of the translated gamma distribution.

Let [x',c0) be the right tail of the run length of
which the simulated distribution exhibits random
fluctuation. Furthermore let

P = i-fy(y;a,ﬂ,xo) *)

where

4= [f,(yia.B.x)dy

y=x'-0.5

and 1, e, B,x,)is the p.d.f. of the translated

gamma distribution. We may use the method of
least squares to find the valuesq =, g=j3 and
x, = %, such that p*given by equation (4) gives a
good fit to the normalized version of the right tail
of the simulated distribution given by
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L,

3B,

s'=x'

, X <s<ec

pm _
P =

This involves the minimization of the sum of
squares

G = i (Fs(”)“Ps‘)2

The fit based on least squares for the right tail of
the simulated distribution is then given by

{P;/Al,x’Ss <oo}

A= [f,(y;d.B.3,)dy -

y=x'-0.5

where

Consider the case when we use the normal
CUSUM scheme with £ = 0.0650,
h=6.4997and A =0.25. The run length distribution is
first obtained by means of simulation which uses
N, =60 000 values of the observation
vector(y,, }’z,---)' We choosex’'=16. The least

squares estimates are found to beg =12840,
£ =00679, and 3 =74256. The simulated

distribution ( E ) and the fitted distribution (p’ 4)

are shown in Figure 4. Figure 4 shows that the fit
given by p* 4 is satisfactory.
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Figure 4.
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